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Abstract

Deterministic Policy Gradient (DPG) removes a level of randomness from standard
randomized-action Policy Gradient (PG), and demonstrates substantial empiri-
cal success for tackling complex dynamic problems involving Markov decision
processes. At the same time, though, DPG loses its ability to learn in a model-
free (i.e., actor-only) fashion, frequently necessitating the use of critics in order
to obtain consistent estimates of the associated policy-reward gradient. In this
work, we introduce Zeroth-order Deterministic Policy Gradient (ZDPG), which
approximates policy-reward gradients via two-point stochastic evaluations of the
Q-function, constructed by properly designed low-dimensional action-space per-
turbations. Exploiting the idea of random horizon rollouts for obtaining unbiased
estimates of the -function, ZDPG lifts the dependence on critics and restores
true model-free policy learning, while enjoying built-in and provable algorithmic
stability. Additionally, we present new finite sample complexity bounds for ZDPG,
which improve upon existing results by up to two orders of magnitude. Our findings
are supported by several numerical experiments, which showcase the effectiveness
of ZDPG in a practical setting, and its advantages over both PG and Baseline PG.

1 Introduction

Reinforcement Learning (RL) has proven itself a well-known and effective approach for tackling
dynamic optimization problems, and is ubiquitous in many application areas [[1], such as robotic
manipulation [16], supply chain management [10], games [28, [31]], and wireless communications
[34.15]], to name a few. A general approach for solving RL problems is policy search, which relies on
directly learning a policy to maximize rewards through interaction with an unknown environment.
Hypothesizing that actions are chosen according to a parameterized distribution (a.k.a. a randomized
policy), Policy Gradient (PG) is a type of policy search algorithm that repeatedly updates its policy
through a specially-derived stochastic gradient [30], enabling solutions in complex problems with
continuous state-action spaces. Backing its empirical success are a range of theoretical guarantees
including guaranteed policy improvement with smoothness assumptions [26], sample complexity
bounds [35]], and variance reduction [24].

Deterministic Policy Gradient (DPG) considers RL problems by naturally assuming that the policy is
a deterministic mapping from states to actions [29]]. This formulation removes policy randomization,
otherwise integral to classical PG, and permits the complete characterization of the gradient of the
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Table 1: Summary of Rate Results (for number of iterations 7" and accuracy ¢)

| Grad-Lipschitz Q-function | Hessian-Lipschitz Q-function

Number of Rollouts (V) 1 T 1 VT
Smoothness Parameter () T-1/4 T-1/2 T-1/6 T-1/4
Stepsize () T—3/4 T-1/2 T—2/3 T-1/2
Convergence Rate | O(e™?) O(e?) | 0(?) O(e?)

composed policy-reward function with respect to the parameters of the policy. DPG has been shown
to outperform its stochastic counterparts empirically on a wide variety of RL problems [19}12]. To
evaluate the gradient, however, conventional DPG algorithms rely on critics [17], which use dynamic
programming and function approximation to estimate the state-action value, or ()-function. Also,
guarantees for convergence of (Q-learning methods exist only for linear functions [2} [3]], which work
under the assumption that a rich feature representation of the state is available. Finding such a feature
representation is known to itself be a nontrivial problem [33]]. Furthermore, the bias on the gradient is
difficult to characterize [18]], resulting in suboptimal convergence rates [32]].

In this work, we introduce Zeroth-order Deterministic Policy Gradient (ZDPG), which advocates the
use of (zeroth-order) noisy estimates of the ()-function for approximating the corresponding (deter-
ministic) policy-reward gradient, in the standard infinite horizon MDP formulation. In particular, by
exploiting the recently introduced idea of random horizon rollouts for obtaining unbiased stochastic
estimates of the Q-function [25 [35]], we show that it is possible to efficiently construct consistent
two-point approximations (single or in batches) of the associated policy-reward gradient [4} 22]; this
is achieved by evaluating pairs of the ()-function at low-dimensional random action-space perturba-
tions, involving initial actions only. Such a construction is rather important from a computational
perspective, for two main reasons. First, for most popular choices of policy parameterizations (e.g.,
Deep Neural Networks (DNNG5)), the dimension of the corresponding parameter space is typically
much larger than the dimension of the action space, where our random perturbations are introduced
[32]. This is a key feature, because it is well-known that the dimension of the perturbation space has
drastic negative effects on the performance of zeroth-order methods [4}, 22]]. Second, the fact that
we (randomly) perturb only the initial action of the underlying dynamic program makes our ZDPG
approach readily implementable, and easily applicable to the infinite horizon setting. As compared
with standard PG and DPG, ZDPG enjoys the following additional operational advantages:

o As with DPG, ZDPG eliminates the need for randomized policies. Although we are not the
first to achieve this goal [29], we would still like to perpetuate the narrative that randomized
policies, although most common, are not really necessary in PG-based RL.

o At the same time, while ZDPG exploits gradient information of the adopted (and known)
policy parameterization, it restores true model-free policy learning (as in standard PG); this
is naturally lost in DPG, where the use of an auxiliary critic is typically invoked [29].

e ZDPG enjoys built-in and provable quasi-gradient variance stability (albeit at the expense of
an additional system rollout), which is very similar in principle to (heuristic) baseline PG
techniques [[L1]].

We also present detailed analysis characterizing the convergence rate of our proposed ZDPG algorithm
under common problem regularity conditions. From a technical standpoint, our analysis is different
from that of conventional zeroth-order methods for nonconvex optimization — which follows the
general structure of defining a smoothed surrogate objective (reward), analyzing the convergence of
the resulting smoothed problem, and then relating those results back to the original problem (see,
e.g., [15L113])). More specifically, our convergence analysis is based on the explicit construction of a
smoothed policy-reward gradient surrogate (not necessarily corresponding to the gradient of some
smoothed objective surrogate), which admits a zeroth-order representation matching exactly our
rollout-pair-based two-point policy-reward gradient approximations. A key feature of the proposed
gradient surrogate is that it constitutes a uniform approximation to the true (deterministic) policy-
reward gradient of Silver ez al. [29]. This fact is then exploited to analyze the resulting stochastic
quasi-gradient algorithm (ZDPG) as a method for solving the original DPG problem, directly.

Our rate results are summarized in Table[I} Specifically, we show that under the assumption of a
Lipschitz and smooth Q-function, ZDGP with a single rollout pair achieves a rate of order O(e~*)



(given accuracy € > 0), whereas if the ()-function has also Lipschitz Hessian, ZDPG achieves a rate
of order O(e~3). If, further, multiple rollout pairs are available (mini-batch equivalent), then the
aforementioned rates both improve to an order of O(e~?2), in which case the number of rollout pairs

are precisely 7" and \/T, respectively, where 7" is the total number of ZDPG iterations. To the best of
our knowledge, our results are the first of their kind pertinent to the standard infinite horizon setting,
also outperforming previous results reported for the finite horizon setting [32]] by up to two orders of
magnitude (depending, of course, on problem conditioning).

The performance of ZDPG is empirically evaluated on a point agent navigation problem at the
presence of environment obstacles, where there is no knowledge of the system dynamics. Our
numerical results demonstrate that ZDPG substantially outperforms both standard PG and PG with a
baseline, under both noiseless and noisy system dynamics, and in terms of both mean performance
and its variance. In particular, our simulations elucidate the fact that ZDPG enjoys clear operational
advantages over PG with a baseline, which may be considered as the analogous two-point update for
the stochastic policy setting.

2 Deterministic Policy Gradient

We consider a Reinforcement Learning (RL) problem where an agent moves through a continuous
and compact state space S C RY, and takes actions in a finite dimensional action space A = RP.
The agent’s task is to accumulate as much reward as possible in the long term, where the reward
is revealed to the agent by the environment at each step. This generic problem may be abstracted
by a Markov decision process (MDP) as a tuple (S, A, P, R,v), where R : S x R? — R is the
reward function, and P, := p(s'[(s,a) € S x A) determines the probability of moving to state s’
starting from state s and action a, satisfying the Markov property p(s;+1|(sy,ay) € S X A, Vu <
t) = p(st41|(st,a:) € S X A). The value v € (0,1) is the discount factor which determines how
much future rewards matter to the behavior of the agent. Lastly, the deterministic policy 7 : S — A
defines a mapping from a state to an action. Then, the problem of interest is to choose a policy that
maximizes the expected discounted sum of rewards over all starting states; this means finding a policy
that maximizes the expected value function V' : & — R starting from state s or, formally,

H 7 0

where p° is the initial state distribution. By conditioning the value function on an action, we can
define the state-action function @ : S x A — R by

maxE, o0 |[V(s):=E

Z V' R(st,as =7(s4))
t=0

Q" (5,) = R(5,0)+7Ex p.fo. [V ()] =E | Rls0, a0) + 37 Rlse, m(51))

50:‘97@0:(1]. 2)

The @-function determines the quality of taking an action ¢ at state s and then following policy 7
for the remainder of time. By selecting the first action according to the policy, the Q-function is
equivalent to the value function, and hence the problem (T)) is equivalently written as

m;iXESNpU [Q(s,7(5))] - 3

Solving (3] requires searching over a function space, which is generally an intractable problem. To
circumvent this complexity, the policy is parameterized by some 6§ € © C R so that the search is
over a Euclidean space of finite dimension. The problem of interest consequently becomes

m@aXESNpo [Q7° (s, mg(s))] =: J(0). 4)

In their seminal work [29]], Silver et al. proved that, under mild problem regularity conditions, the
gradient of (@) can be expressed by

VJ(Q) = Eswp" [VGWG(S)anM (57 a)‘a:ﬂe(s)] ) (5

where p™ is the so-called (improper) discounted state distribution under policy 7, defined as p™ (s") =
Js >0 po(s)p(s = §',t,0)ds, and p(s — ', t,0) denotes the density at state s’ after starting
form state s and transitioning with ¢ time steps given policy parameterized by 6. Next, we formally
define some standard assumptions on the policy gradient, reward function, and Q-function, as follows.



Assumption 1 (Bounded Policy Gradient) The policy gradient V g7y (s) is uniformly bounded on
O x S, i.e., there is Be < oo, such that sup g ;) coxs [|Vomo(s)|| < Be.

Assumption 2 (Bounded Rewards) The reward R is uniformly bounded on S X A, i.e., there is
Ur < 00, such that sup(, ,)esx.a | 1(s;a)| < Ug.

By Assumption 2] it also follows that the Q-function is also uniformly bounded as

— 1
o < L. Up=—-Ur=:0Q.
|Q (Saa’)|7;’y R 1_7 R Q
Both Assumptions [T] and [2] are standard for deriving performance guarantees in the policy search
literature 35 (18 2], and are easily satisfied by common choices of the deterministic policy and
reward functions. Additionally, we require sufficient smoothness of the Q-function, as follows.

Assumption 3 (Lipschitzness of the QQ-function) The Q-function is action-Lipschitz uniformly on
O X S. That is, there is a number L < 0o, such that, for every ay,as € A,

sup  |Q™(s,a1) — Q™ (s,a2)| < L||la; — as|-
(0,5)€OXS

Assumption 4 (Smoothness of the Q-function) The Q-function is action-smooth uniformly on
O x S. That is, there is a number G < 00, such that, for every a1, as € A,

sup  [[VaQ™ (s,a1) — VaQ™ (s,a2)| < Gllar — az].
(0,5)€OXS

Intuitively, Assumptions [3|and f| means that similar actions from the same state should have similar
values. This principle has informed Actor-Critic algorithms in practice as they are known to avoid
overfitting to narrow peaks in the value estimate [7]]. Furthermore, existing convergence analysis for
zeroth-order action space exploration with finite horizon use these assumptions as well [32]. Lastly,
in some of our results we assume that the problem is well-conditioned with Lipschitz Hessians.

Assumption 5 (Smoothness of VQ) The gradient field VQ is action-smooth uniformly on © x S.
That is, there is a number H < oo, such that, for every a1, a2 € A,

sup  [[V2Q™ (s,a1) — VaQ™ (s,a)|| < Hllax — as.
(0,5)€OXS

Assumption 5} though not entirely standard, holds for a variety of problems with well behaved reward
functions and policy representations, such as the Linear Quadratic Regulator (LQR) [6} 20} 21]] and
its many (and potentially nonlinear) variations. A reward function may be designed to achieve such
an assumption, as well [23]. The trade-off between our various smoothness assumptions and the
convergence rates achieved in this work is demonstrated in Table[I]

In order to compute a stochastic approximation of (3)), we need to both sample from the discounted
state distribution p™ (s) and evaluate the gradient expression. Because the policy is deterministic,
Vomg(s) is the Jacobian of the policy 7y evaluated at s which can be explicitly calculated. Instead of
using a critic network to estimate the V,Q™ (s, a) [29], which requires many state-action-reward
samples before converging to something meaningful, we propose the use of two point zeroth-order
action space perturbed @Q-function estimates. In the following section, we review how to use zeroth-
order information to evaluate stochastic gradient estimates.

3 Zeroth-order Gradient Estimates and ZDPG

First, we introduce a smoothed approximation to the ()-function by exploiting low-dimensional
perturbations with respect to the action a. Let u > 0 be the smoothing parameter, and let u ~
N (0, I,,). Then, the u-smoothed @Q-function is defined as

Q' (s,a) = Eu [Q™ (s, a + pu)].

By introducing smoothing, we are able to sample an unbiased stochastic estimate of V,Q7? (s, a) via
a two-point evaluation of the original Q)-function. Namely, we recall the following key property (in
terms of the (Q-function), true in general for every globally Lipschitz function as originally presented
in [22]], then extended to a wider class of functions in [15]].



Algorithm 1 Zeroth-order Deterministic Policy Gradient
Require: 6y, v, u, o, N
fort=0,1,... do
Sample T ~ Geom(1 — )
Sample s; ~ (1 —~)p™ [Algorithm B|with (T, ) = (Tq, 6;)]
Sample u ~ N(0, )
Initialize Estimates Q; < 0, Q; < 0
forn=0,1,...,N —1do
Q1  Algorithm 2| with (T, 5o, ag, 8) = (T, s¢. 7a, (5¢) + pu, 0;)
Qt_n — Algorithmwith (T, s0,a0,0) = (Tq, st,ma, (5¢),6t)
QF < Q +¥Qin
Q < Qr +xQin
end for
Evaluate ¥; = Vg, (s¢)
M
gt < ﬁ\j[’t (%) u
9t+1 < Ht + agi
end for

Lemma 1 [15, Lemma 2] For every j1 > 0, the p-smoothed Q-function surrogate Q) is differen-
tiable, and its gradient admits the representations
Qﬂ'e (Sa a—+ /’(‘u) — QTFG (87 Cl) u:|
I
Q™ (s,a+ pu) — Q™ (s,a — pu) }
ul .
2u

VaQZQ (s,a) = Eu~N(o,Ip) [

(6)

= Eu~n(0,1,) [

Driven by Lemmal[I] we propose the following estimate of the objective gradient defined in () where,
instead of the true gradient V,Q™ (s, a) we use the smoothed gradient V,Q7¢ (s, a) to obtain the
quasi-gradient

VJ(G) = IEs:~p7r [VOWO (S)VaQZS (s, a)‘a=ﬂ'9(s)] . @)
Lemmaprovides a procedure to obtain an unbiased estimate of V,Q7° (s,a), which is to sample
u ~ N (0, I,,) and then evaluate the Q-function with initial actions a and a + pu. By selecting the
smoothing parameter p sufficiently small, the gradient estimate becomes close to the deterministic
policy gradient (see Section[d] Theorem|[T). Obtaining two samples of the Q-function at a specific state
may not be practical on a real system, but can be made feasible through the use of simulators which
allow resetting and reproduction of the same stochastic environment [27]]. The resulting stochastic
search algorithm using the two point zeroth-order gradient estimate is presented in pseudocode in
Algorithm [T} where « is the policy parameter stepsize. We employ Monte-Carlo variance reduction
by running the system N > 1 times (/N = 1 implies no reduction).

Algorithm|I] functions with the assumption that both an unbiased estimate of the ()-function evaluated
at any state-action pair as well as sampling from the discounted state distribution p™ are feasible.
Here, we describe both procedures which involve sampling a horizon length from a geometric
distribution. In [25| Proposition 2], it was shown that the procedure described by Algorithm [2]results
in unbiased estimates of the Q-function defined by (2). As the next result asserts, the aforementioned
estimates are of finite variance, as well. Due to lack of space, we defer all subsequent proofs of our
theoretical results to the supplementary material.

Lemma 2 Let Assumptionbe in effect. Then, the estimate Q produced by Algorithmis of bounded
variance, independent of the inputs of Algorithm|[2]

For later reference, let wtim = Qtin — Q7 (+£), where "+" refers to the respective initial state-
action pair. Also introduced in [25]], Algorithm [3|describes a similar procedure to obtain samples
s~ (L—~)p™, where (1 —)p™ is the proper (i.e., scaled to sum to unity) version of the discounted
state distribution p™°.



Algorithm 2 @Q-function Sampler [25]] Algorithm 3 Discounted State Sampler [25]]

Require: Q +0,T,sg,aq,0 Require: 7T, 0
fOI't:O,l,...,TA—ldP SamplesONpO
Collect Reward Q) < Q) + R(s¢, at) fort =0,1,...,7 —1do
Advance System s, ~ P(s'|s, ay) Select Action a; < a(5s¢)
Select Action a;y1 + 7o (S¢+1) Advance System s;41 ~ P(s'|s, ar)
end for A A end for
Collect Reward @) < Q + R(sr,ar) Return s

4 Convergence Analysis

Somewhat departing from conventional analysis of zeroth-order methods, we instead bound the bias
between our proposed gradient (7)) with the true gradient (3 and characterize the rate using a biased
variant of stochastic gradient descent. First, we present the theorem which relates the smoothed

objective function gradient V.J(6) with the true gradient V.J ().

Theorem 1 Let Assumptions[I}3| be in effect. Then, under Assumption[d} it is true that
sup [[VJ(6) - VJ(0)]| < Bopy/pG/(1—7).

Alternatively, under Assumption[D} it is true that

sup IV J(0) = VI(O)|| < Bep?(p+4)*H/(1 7).

Assumption [d]is key for the former part of Theorem [T} as the difference between the gradients of
the two point ()-function with respect to the action a is bounded. The latter part of Theorem
is a byproduct of [22, Lemma 3]. Alternatively, the relation between the estimated gradient with
two points and the true gradient could be characterized by [22, Lemma 3]. Requiring the same
assumptions as detailed here except for the bounded objective, this result is not advantageous as it
results in a bound of order O(p>/2), contrary to the O(p'/?) bound we provide for this specific case.

By construction of Algorithm [T} we have that g, is an unbiased estimate of the smoothed gradient

vJ (0) defined in (7). Next we will show that the second-order moment of g; is bounded. Doing so
will allow us to use analysis similar to [8]] in order to characterize the rate of Algorithm |}

Lemma 3 Let Assumptions[I}3| be in effect. Then, the second-order moment of the quasi-gradient g,
in Algorithm[l|is bounded. In particular, it is true that

9 2B2 po?
E[HQtH ] < ﬁ ((p+4)2L2+/M =:V,

where co > 02 > E{|w;!,, — w;,|*|s:, u,0;, T}, deterministic and same for all ¢ and n.
We are now ready to state our main theorem, which establishes the convergence rate of Algorithm [I]

with respect to the true gradient of J(6).

Theorem 2 Let Assumptions be in effect. Further let the objective J(0) be L j-smooth and
G j-Lipschitz continuous. Then, under Assumption[d) it is true that

{(’) (T4, i (Nya,p) = (LT3, T4

T
1 2
? Z]E mve(]<0t)|| ] = @ (p2T71/2) ) lf(Na Q, /u’) = (Tv T71/27T71/2) '

t=1
Alternatively, under Assumption[3} it holds that

T
1 2 O (PPT=13), if (N,a,p) = (1,T-2/3, 7-1/6)
= < |
T ;E IV (6:)]1] < {(9 (PPT=12), if (N, o, p) = (TV/2, 712 T-1/4)



Theorem [2] requires that the objective function J(6) is smooth and Lipschitz. This is is easily
satisfied under all Assumptions whenever that the adopted policy parameterization is sufficiently
well-behaved. A smooth policy serves this purpose, for instance. Further, for simplicity, we have
presented Theorem for the unconstrained setting, where © = R?. In practice, though, we may need
to constrain the parameters. In this case, Theorem E]continues to hold (almost), but with the squared
gradient norm being replaced by the merit function ||IIg{0; + aV.J(6;)} — 6,]|?/a?; see, e.g., [9.

5 Numerical Results

In this section, we empirically evaluate ZDPG and compare its performance to vanilla Policy Gradient
(PG) [30] and Policy Gradient with Baseline (PG-B) [[11]] with varying levels of system noise and
MC variance reduction. First, we formally describe the Markov Decision Process we choose to solve,
then we present our results and discuss the key takeaways.

5.1 Problem Setting: Navigating Around an Obstacle with Unknown Agent Dynamics

For our empirical evaluation of ZDPG, we consider a two-dimensional continuous state-action
navigation problem, where a point agent aims to avoid a spherical (for simplicity) obstacle and
converge fast to some fixed target while satisfying its motion control dynamics. This goal is achieved
by appropriately shaping the associated reward function. Let s* € R? represent the target the point
agent wishes to reach. Let s € R? and r € R denote the center and radius of the spherical obstacle
the agent wishes to avoid. Then, we define the reward R : R? — R as a combination of two artificial
potential functions: An attractive potential ¢** : R? — R, with a maximum at the target, and a
repulsive artificial potential ¢"°P : R? — R, with a minimum at the center of the object. Specifically,
we set the attractive potential to be the negative Euclidean distance to the goal location s* squared,
that is, ¥ (s) := —||s — s*||%, where s is the location (state) of the agent. Similar to [14]], we define
the repulsive potential as ¢"°P(s) := 1 — 1/53(s), where

Bls) = (1— (”j‘) s —r)?

r 14 ([ls = s°[* = r?)

> 5 (1=sign(([s—s°[|=r))

Completely characterized by the state of the agent, the reward is equal to the sum of these attractive
and repulsive potentials, that is, R(s) = ¢*'(s) + ¢"“P(s). Also, the motion dynamics of the point
agent are described by the controlled random walk

T (St)

+ ng, 8
Tmoteoll T ®)

Spp1 = As + 1

where A € R?*? is the motion state transition matrix of the agent, {n;} is a random process
modeling state process noise, and > 0 (together with policy normalization) imposes implicit
resource constraints on the agent motion. Here, we assume that, except from the agent control
vector (second term on the right-hand side of (8)), the dynamics of the agent are unknown, an
assumption which conforms with the standard policy gradient setting. Lastly, we consider a linear,
deterministic policy to determine optimal directions that the point agent will follow given its location
to its prescribed destination. In particular, we adopt a Radial-Basis-Function (RBF) expansion as our
(universal) policy parameterization, i.e.,

d
mo(s) = Z 0:k(s,38;), )
i=1

where k(s,s') = exp(—||s — s'||3/202) defines the RBF kernel, §; € R? i = 1,...,d are the
parameter vectors to be learned, o2 determines the variance of the kernel, and 5;,7 = 1,. .., d are the
associated RBF centers.

For all simulations, we select the target of the agent to be located at s* = (—5, —5), and the obstacle
to be centered at s¢ = (0,0) with a radius of r = 2.5. We define the potential with a slightly
larger radius (r = 3) to ensure that the agent does not collide with the boundary of the obstacle.
We select the centers of the RBF kernels to be spaced 0.25 units from each other populating the
[-10,10] x [—10, 10] grid. The initial state distribution is uniform on [—10, 10] x [—10, 10].
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Figure 1: Average reward per episode with confidence bounds over 50 trials. Learning rate set
to o = 1077 for all simulations. (a) Noiseless case with no MC variance reduction (N = 1),
ZDPG and ZDPG-S smoothing parameters set to 0.05 and 0.5 respectively. Action noise for PG and
PG-B set to 02 = 0.025. (b) Noisy case (w = 0.01) with no MC reduction (N = 1), ZDPG and
ZDPG-S smoothing parameters set to 0.25 and 0.5 respectively. Action noise for PG and PG-B set to
02 = 0.025. (c) Noisy case (same as (b)) with MC reduction (N = 10).
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Figure 2: Sample trajectories with fixed length T = 100 of learned policies corresponding to noiseless
((@): N =1, w = 0) and noisy ((b): N = 10, w = 0.1) settings (c) Learned field plot for ZDPG-S
with noise level w = 0.1 shows that the variance in Figure[I]comes only from the system noise.

5.2 Results

The learning curves shown in Figure [I] illustrate the performance of ZDPG and its symmetric
counterpart ZDPG-S (based on @), compared with PG and PG with a stochastic baseline (PG-B),
with discount factor v = 0.8 in the case with and without system noise (n; = 0 and ny ~ N (0, w- 1),
respectively). Also, we set A = I5. For PG and PG-B, we let 7 denote the stochastic policy where
the action is selected by a; ~ 7g(s;). In particular, we let 7 be a Gaussian policy with mean equal to
mo(s) [c.f. (O)] and a standard choice of covariance matrix ¥ = ag - I>. For PG-B, the baseline is
fairly chosen and is analogous as compared to ZDPG in that it scales the update direction Vg log g ()

by a two-point difference (Q(s, a) — V (s)), where V(s) is a single-rollout estimate of the associated
value function at state s. After each policy update, we evaluate the system by generating a rollout
of fixed length T' = 20 from a fixed starting point s° = (5,5). As done commonly in practice (as a
heuristic), we evaluate the stochastic policies by setting the covariance matrix equal to zero thereby
making the evaluation policy deterministic.

Depending on the level of the system noise, ZDPG(-S) consistently outperforms PG-B (and also PG),
both in mean performance and the associated variance. Interestingly, the improvement of ZDPG over
PG-B is sharper when the agent dynamics are noisy (also see our Supplementary Material, Section [E)).
In fact, we observe that, either with or without system noise, the perturbation of the initial state with a
deterministic policy indeed provides more meaningful information for policy improvement than in the
setting of a stochastic policy (also see Figure[2). One should also note that PG-B performs better in
the noisy setting with MC variance reduction (1](c)) than the noiseless setting (]I| (a)). Indeed, variance
reduction improves the performance of all methods, except for vanilla policy gradient. We emphasize
though that we evaluate stochastic policies using only their means. Our empirical results corroborate
the claim that randomness in the policy is not necessary to solve MDPs within the PG-based RL
framework.



6 Conclusions and Future Work

In this work, we introduced the ZDPG algorithm, which is based on an efficient two-point zeroth-order
approximation of the deterministic policy gradient, for the infinite horizon Markov decision problem.
Using random horizons to evaluate the zeroth-order estimates of the state-action function, we showed
that low-dimensional perturbations in the action space can effectively replace the need for randomized
policies in the classical policy gradient setting. We also presented finite sample complexity results
for ZDPG, which improve upon the state of the art by up to two orders of magnitude. Finally, we
corroborated our results with a numerical evaluation on a navigation problem which showcased the
advantages of ZDPG over both standard PG and PG with a baseline. For future work, variance
reduced ZDPG could be realized with more sample efficient variance reduction techniques, such as
gradient averaging or using a critic network to evaluate zeroth order state action function.
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Supplementary Material

A Proof of Lemma 2

Since the estimate Q is unbiased, it suffices to show that E[|Q|?] is bounded. Indeed, we have

2 T 2
E[Q[’] ZR sty ar = mo(st)) ] SEKZIR(St,at=We(St))I> ]
t=0
1
<E[(T+1)°Ug] = UR(+77)27
v

where the last equality follows from the fact that 7" is a geometric random variable with probability
of success 1 — «. Enough said. ]

B Proof of Theorem /]

Let Assumptions [T}3]and also Assumption[d]be in effect. Also, recall the definitions of the gradients,

namely

VJ(0) = Es~pme [VWTG (5)VaQ™ (s, a)‘a=7re(s)] )
and .

VI(0) = Eswpro [Vomo(s)VaQ}' (5, a)lazr(s)) -
By definition, and then by Jensen, we have

IVJ(6) = VIOl
= [Eamrrs [Vomo(s)VaQ@7(5,0)],_,, )| — B [Vomo(s) V@t (s,0)] . ] |
= ‘ Esnpmo [VQWO(S)V(LQM (s a)|a:ﬂ,9(s) - VGWQ(S)anZG (s a)|a:ﬂ9(s)} H

< Esepmo {Hveﬂ'g(s)an”"(s,a)’a:m(s) — Voo (s)Va @)’ (5, a>‘a:7re(s)|” :

Grouping terms, then applying Cauchy-Schwarz, we obtain

IV(8) = VIO < Earsro [[[Vomo(s)(Va@ (5.0)] .y, )~ Va Qi (5:)] oy, )]

< Eompro [[IVoma(s)]- [ Va@ (5.0)] _p, ) = Va @ (5:0)] oy ] -

By Assumptlonl we can bound Vy7y(s) by Be. As such, the remaining expression can be bounded
by invoking Assumption[d]} yielding
0 (@ (s,0) = Q7 (5,0) | o]

IV.7(6) = VIO < BeEiwro ||V
< BoEuryro ||[Va (Q7(s.0) = B [Q7 (s, + ) |

Vo (Ea [QT(5.) = Q7 (s,a + )

Eu [Va (Q™(s,0) = Q™ (s,a+ pm)]) |, _,.

< BeEgs~pmo :Eu [ (Q™(s,a) — Q™ (s,a+ pu)) |a:-,r9(s) :}
< BoEspro [Ey [G | pul]]
< Bouy/pG/(1—7),

where the final inequality comes from [22, Lemma 1].

a=mg(s)||]

< BG]ESN/)WG

lamro(

S BGESNp"S

If, alternatively, Assumption|§]instead of Assumption@ holds, then by [22, Lemma 3], we obtain
IVI(0) = VIO)]] < BoEswyra [||Va (@7 (5,0) — Qi (5,) | ]

< Bep®(p+4)*H/(1 - ).
This completes the proof. |

a=mg(s)
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C Proof of Lemma[3

First, by definition, we may write

N2 21 _ Qt Qt
(1 =)"E[l| gl ]—E[ m

= Efllg;]|°]

‘Veﬂ 0, (8¢) ————
where
Qr=Qm () + 5 Z Wi

By Cauchy-Schwarz, and by exploiting the above, we readlly get

Qﬂ'ﬂt Qﬂet w n
E{lg}|”] < B3E | & )M Z b
Qo (51, 79, (51) + ) — Q;( N wi, |’
t(St, Te, St pua t 8t77T9t St
_ B2E §: |uuﬂ
K ne1
r 2
< 2B3RE ‘th(snﬂet(st) + pu) — Q™ (54, g, (5¢)) [lul|?
o

N o+ -
1 wt,n - wt;n
N
For the first term on the right-hand side of (I0), we have

Q0 (s¢, g, (s¢) + pu) — Q% (s¢, mo, (5¢))
I
For the second term on the right-hand side of (T0), we may write

2
||U|2]- (10)

2
E uIIQ] < LE[|[u]*] < L*(p+4)*. (1D

2

[ 1 N owt —wp ?
t, t,
E_N; nu - HUHQ] zNz nzlwtn*wt [al[|s¢,u, 0¢, Ty
N 2
= E ||u||2E[ Zw;:n_w;n Stau70t7TQ
n=1

Naturally, we need to focus on the (inner) conditional expectation above. By construction, it is true
that, for every ¢, the differences w;r n = Wi, N E N, are conditionally independent and identically
distributed relative to s, u, #; and TQ, and with zero mean. This implies that

2
[P A B o R L YED
n=1 n=1
= N]E[’wjl - w;1’2|8t7u70t7TQ:|;
< NQE[(wt 1)2 + (w;1)2|st,u,9t,TQ}
14+~ 5
< N4aU3—' =N ,
a2 77
where in the last line we have used Lemma 2] twice. As a result, we obtain that
1 al wjn_w;nQ 2 0'2]9
By X = | P < (12)

since E[||lu||?] = p. Combining (11) and , we end up with the uniform bound
2

2B2 o°p
2 < [S) 2 2

thus completing the proof. O
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D Proof of Theorem 2|

First, it is not hard to see that the stochastic ascend direction g; constructed by Algorithm [1|is an
unbiased estimate of the quasi-gradient VJ. Indeed, with s; ~ (1 — «)p™:, we may carefully write

(1 = )Elgl0d = E| Voo, (50 =9l
1

u - e

=E|E V@ﬂ'@t(st) Qt (St,U79t’TQ)’u Qt (Shot,TQ)u S¢, 4, Gt,TQ Ht
- . e

=E V97T9t (St)E Qt (St,ujet’TQ)lu Qt (8t79t’TQ) 5t7u50taTQ u 92;|
I o, — ()70

- ) Veﬂet (St) Q (5t7 o, (St) + Mu) Q (5757 o, (St)) u 9t
L 2

=E|Vgm,(s¢)E Q0 (st, o, (8¢) + ppu) — Q"% (s, Wet(st))u st Htl 9t1

t ILL b)

=K [VGWQ, (st)anZGt (57 a)‘a=7r9t (s¢) |9t]
( ) stmpwet [v97r9t (St)vﬂQzet (S’ CL) |LL=7Tet (St) |0t]
(1=7)VI(6:).

Next, using the assumption that J () is L j-smooth, we have
J(Or11) = J(00) + (Ore1 — 0,) VI (0r) — Lyl|Ora — 0]

From Algorithm we have 6,1 — 0; = ag;. Let E; denote conditional expectation taken relative to
history up to iteration ¢ — 1. Then, by taking the expectation on both sides, we obtain

By [J(0141)] > J(0:) + aV.J(0:) T VI(0:) — LyaEy [|lge]?] -
Now add and subtract aV.J(6;) T V.J(6;) to the right hand side. By grouping terms, we may write
Ey [J(0i41)] > J(00) + a(VI(6;) — VJ(6:)) VI (8:) + al|VI(8:)||? — Ly E, [llgel?] -

Using Cauchy-Schwarz, we bound the term (V.J(8,) — V.J(6,)) ' V.J(6;) by —[[V.J(6,) = V.J(8,)] -
[V J(6;)]||- Further, because J(#) is assumed to be G j-Lipschitz, we have

Ey [J(O141)] > J(0r) — aGJ||@J(0t) = VJ(0)] + al[VI(6)|* — Lio”E, [||9t||2] .
Taking the total expectation, invoking Lemma summing up until 7', and dividing by 1/(aT), we

obtain T
1 Ay 2B2 2B2  po?
=Y E(|VJO)|? <= + Lia—L2(p+4)*L? + Lyja—2_
T; IVJ(6,)] ST Ja(li’y)( +4)°L° + a(l V2 2N
o (13)
7 .
+ = D ElIVI(0) = VI @],
=1
where Ag = J(0*) — J(6y) and 6* € argmax J(0).
Under Assumption ] Theorem [I]implies that
T
1 Ao 2B2 2B  po? Be /PG
=Y E|VJO)|? < = + Lija—2=(p+4)°L*+ L o G :
T; [V J(0.)]] _aT+ Ja(l_,y)2(p+ )7L7 + Ja(1_7)2M2N+ A

If, alternatively, Assumption [5|holds, then from we use the pertinent result form Theorem I]to
obtain
BE 2B _po® | . Bei(p+4)’H

T

1 Ay 2

N E|VIO)? < =2+ Lija—"C (p+4)2L%+L

T; IVI@)]" < —+ J&(l_v)g(p-F) + IO 2 2N TE T
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To complete the proof, we set the number of Monte Carlo rollouts (), smoothing parameter (1), and
step size (cv) in each of the expressions above, according to Table[I] Enough said.

Extensions for constrained policy parameterizations: In such a case, we may consider a projected
gradient step in Algorithm[I] i.e.,

041 = e{0: + ag:},

where © C R? is also assumed to be closed and convex. Below we present two approaches for
deriving meaningful convergence rates.

Noisy projection approach: In this approach, we may expand the product (6; 11 — 6;) T V.J(6;) into
two relevant terms as

(Brg1 —0,) T VI0,) = (0,11 + Te{b, + aVJI(0)} —He{f +aV.JI(0,)} —6,) " V.J(6,)
= (He{b; + aVJ(0;)} —6,) " VJ(6,)
+ (A1 — Oe{h + aVJ(0,)})TVI(6,).
For the first term, we invoke the key property [9, Lemma 1]
(Me{f +ag} —0)Tg > énne{e +agy —0|?, V(,9) € © xR (14)
yielding
(Mo {0 + aVJ(0,)} — 0,) TV.JI(6;) > éuet —Te{f; +aV.J(0:)}?.
For the second term, we may further expand as
(O1 — Me{b, + aVJI(6,)})"VI(6,)
= (011 — Mef{0; +aV.J(0,)})"V.J(6,)
+ (Mo {0 + aVJ(0,)} — e {0, + aVJ(6,)}) VJI(6),
which implies that
Ei{(0111 — TMe{l; +aVJ(0:)}) VJI(0:)}
(Ee{0i1} — Hof{b +aVJI(0,)}) V(6
+ ({0, + aV.J(0,)} — He{b; + aV.J(6,)}) T V.J(6,)

> —||VIO) | |Ee{b41} — T {0 + aVI(6,)]|
—a|[VI@)VI(8:) = VI (6,
> —Gy|[Ee{fs1} — Tof{b: + aV.J(6)|

—aG|VJ(6:) = VI (6,)].
Consequently, we obtain the lower bound

E{ (61— 00T VI(0)} > 110, ~ o {0, +aV (6}

—aGy||VJI(0:) — VIO,

— GJl[Ee{bis1} — e {b: + aVJI(6,)]|.
Exploiting smoothness as in the unconstrained case discussed above, we end up with the complexity
estimate

T
1 1
?ZE?HH@{&JraVJ(Gt)}79t||2
t=1
A 2B2 2B po?
< —+1L © N2+ Lja——8
Sar ‘104(1—7)2(17+ FL T2 AN
T

n % SCE[IVI(0:) - V6]

% ZE[”Et[H@{Ht 4+ Oégt}’] — H@{et + OZ@J(QO}H]

t=1

+

14



Note that, in the above, whenever it is actually the case that 0; + ag, € O conditioned on 6., it
follows that (note that © is closed convex)

@ > Et [H@{gt + agt}] = Et [0,5 + O[gt]
=0, 4+ aV.J(0,),

which implies that
E/[e{0; + ag.}] — He {6, +aV.J(6,)} = 0.

This will happen when g; is (or can be made) uniformly not too large given 6;, and at the same time
the stepsize « is sufficiently small. Exactly such a behavior has been observed in our simulations.

Mini-batch approach: Alternatively, we may proceed to derive a slightly more pessimistic complexity
estimate by writing

(Or1 — 02) VT (0;) = (Bpg1 — 0,) T (VI(0;) — VI (6) + V.I(6y))
= (Op41 — 0,) " (VI(0;) — VI(0)) + (051 — 0,) TV I(6,).

For the first term, Cauchy-Schwarz trivially gives
(Or41 = 00) (VI (00) = VI (0)) = —0llg.[|[[VT(0:) = VI (6,)].

For the second term, we may further expand as

(Brs1— 0,) VI (0r) = (Orr — 00) T (VI(0:) + g¢ — g0)
= (041 — 0) T (VI(0:) — g¢) + (i1 — 00) " g,

where again invoking (T4) yields

1
(O — 0:) "ge > EHH@{@ +ag} — 0,
whereas it also holds that

(01 — Qt)T(?J(et) —gt) = (He{0: + ag:} — gt)T(V](gt) — gt)
= (Mo {0 + ag:} — e {0 + aVJ(0:)}) T (VI(6:) — i)
+ (e{b: + aVJ(0,)} — 0,) T (VI(0) — g4).

In regard, to the latter expression, it is then true that

Et[(at.l,.l . at)‘r(ﬁj(gt) _ gt)] — ]Et[(r[@{gt —+ agt} — H@{at + Q@J(et)})—r(ﬁj(et) - gt)]
+0
> —aBy[llge = VI(0,)]°).

Combining everything, we get

1
Ee[(0r1 — 0:) TV I (61)] > Mo {0: + agi} - 0]”

— aEi[llg:|)IV T (6) = V.7 (8:)]
— oFy|lg: — @J(‘gt)||2]~
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Now, note that that we can write
—E[[Te{6: +aVJ(6:)} — 6]

—E[|[Me{0; + aVJ(0)} — e{b; + aV.J(6;)}
+ HO{Qt +aVJ(0,)} — 6%
< 2E[|VJ(0:) — VI (6:)] ]+2f [Te{0: + aV.J (6:)} — 0:1°]
= 2E[[|V.J (6:) — VI (8,)]%)
+ 2%@[”11@{@ +a¥I(0,)} - o{b: + ag}

—+ H@{et + Oégt)} - 9t||2]
< 2E[||VJ(6:) — VJI(6,)|*]
+4E[||g: — VJ(8:)])?]

1
+4—E[|[To{0: + agi} — 6:[7).

Finally, following the usual steps as above, we obtain the complexity estimate

T
1 1
T ZE§|\H@{9:§ +aVJ(0;)} — 60

2 « 4 &
fgj [IV7(6e) = V78] f; llge = VI (6)IP
Ao Bé 272 232) po®
— + Lja—2_(p+4)°L* + Lja—_ - —
topt JOé(l_’y)Q(p—F) + IO T 2N
1 & . 1 & .
+ 5 2 Ellgell[V7(0:) = VIO + 7 D Elllge — VI (6],
t=1 t=1
or, more compactly,
1 1 ,
T ZE@HHe{ot +aVJ(0)} — |
t=1
Ay 2B 9.9 2B%  po?
< — +Lja—2-(p+4)°L* + Lja—2=
Tt T wz(p+) + T 2N
1 & 2 &
v 2
+T;E[Ilgt||llwwt) VI (0:)]] +T;]E IVI(0r) = VI (6,)]1°]
5 T
+ = > Ellge = VIO,
t=1

This bound suggests that further variance reduction can be employed in order to make the term
involving E[|lg; — VJ(0;)|%] = E[||g: — E[g:|6:]||?] small, for instance by exploiting mini-batching,
similar in spirit to [9]. However, this comes at the expense of significantly higher training overhead.

E Complementary Numerical Results

In section[5} we presented the learning curves for our algorithm implemented on a navigation problem
with and without system noise. We showed that either with or without system noise, ZDPG and
ZDPG-S enjoy a substantial advantage over PG with baseline (PG-B), and of course standard PG,
especially without MC variance reduction, which is of importance in various practical settings. The
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Figure 3: Average reward per episode of length T" = 20 with confidence bounds over 50 trials.
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Figure 4: Average reward per episode of length T' = 100 with confidence bounds over 50 trials.

main purpose of this section is to confirm that the advantage of ZDPG does not disappear as the noise
in the system further increases; in fact, it becomes even more drastic. We show this by comparing
the learning curves on our navigation example for system noise variance w = 0.01 and w = 0.1, for
different values of Monte-Carlo variance reduction (), and policy evaluation rollout length (7).
In this set of simulations, we only compare ZDPG-S with PG-B, since these methods seem to be
empirically superior to ZDPG and PG, respectively.

In Figure 3] the evaluation rollout length is set to 7" = 20. The smoothing parameter for ZDPG-S
is u = 0.5 for the w = 0.01 system noise case and p = 0.6 for the w = 0.1 system noise case.
Analogously, for PG-B, we select action variance as 0.025 for both levels of system noise as this
value showed the most consistent performance throughout this line of experiments (by trial-and-error).
For all simulations and for both methods, the learning rate was set to o = 107". Figure (top)
shows that, indeed, ZDPG-S remains advantageous over and consistently outperforms PG-B when
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Figure 5: Average reward per episode of length 7' = 20 with confidence bounds over 50 trials.
System noise w = 0.01 with no MC variance reduction (/N = 1). Variance reduction is applied only
on value-function estimates to approximate the true (deterministic) baseline exclusively for PG-B,
with (a) 20, (b) 200, and (c) 600 rollouts.

the system noise is increased. More interestingly, ZDPG-S shows significant advantage over PG-B
in terms of noise resilience especially when there is no MC variance reduction at all (i.e. N = 1),
which, as also stated above, is a case of interest in most practical scenarios.

Figure 4] shows the learning curves for both methods when the evaluation length is set to 7" = 100.
While the performance of both ZDPG-S and PG-B is more sensitive over such a longer evaluation
horizon, the plots show that ZDPG-S experiences much more stability in solving the navigation
problem for both levels of system noise. In contrast, PG-B becomes significantly unstable, resulting
in trajectories that either do not necessarily reach the target (see Figure[2), or reach the target after a
phase of prolonged, suboptimal wandering.

Because PG-B relies on the estimate (Q)(s,a) — V(s)), MC variance reduction (whenever N > 1)
is essentially applied to both parts of the involved two-point difference for the results presented in
Figure 3 (and analogously for the two-point gradient estimates in ZDPG). In that way, the comparison
between ZDPG and PG-B is fair for every N > 1. Still, it would be interesting to compare ZDPG-S
with PG-B, when in the latter a more accurate version of the corresponding true value function is
employed, resembling a standard (non-stochastic) PG with baseline. To do this, we conducted the
same experiment as in Figure 3] for the low system noise case (w = 0.01) and with no MC reduction
(N = 1), but where only the baseline V (s) is constructed as a multiple-rollout estimate of the
associated value function at state s (i.e., an average). We note, though, that this procedure results
in a PG-B algorithm which is much more wasteful in terms of resources, whereas at the same time
its comparison with ZDPG is extremely unfair, in favor of ZDPG. This resulting plots are shown in
Figure[5] It very interesting to see that, even though the performance of PG-B slightly improves with
the consideration of multiple-rollouts for the corresponding value function estimate, it still performs
rather poorly compared with ZDPG-S, which of course demands just two system rollouts per episode.

Again, we would like to reiterate that the success of ZDPG comes from the non-heuristic use of
deterministic policies, in contrast to random policies essential in log-trick-based standard (baseline)
PG methods. At least with regards to our simulation setting, removing this level of randomness
from the evolution of the system during training allows the agent to reach a solution quickly and
consistently.
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